Abstract. Various miscellaneous functional inequalities are deduced for the so-called generalized inverse trigonometric and hyperbolic functions. For instance, functional inequalities for sums, difference and quotient of generalized inverse trigonometric and hyperbolic functions are given, as well as some Grünbaum inequalities with the aid of the classical Bernoulli inequality. Moreover, by means of certain already derived bounds, bilateral bounding inequalities are obtained for the generalized hypergeometric 3 F 2 Clausen function.
Introduction and preliminary results
For given complex numbers a, b and c with c = 0, −1, −2, . . ., the Gaussian hypergeometric function 2 F 1 is the analytic continuation to the slit place C \ [1, ∞) of the series F (a, b; c; z) = 2 F 1 (a, b; c; z) = n≥0 (a, n)(b, n) (c, n) z n n! , |z| < 1.
Here (a, n) is the Pochhammer symbol (rising factorial) (·, n) : C → C, defined by (z, n) = Γ(z + n)
(z + i − 1)
for n ∈ Z, see [AS] . Special functions, such the classical gamma function Γ, the digamma function ψ and the beta function B(·, ·) have close relation with hypergeometric function. These functions for x, y > 0 are defined by
, B(x, y) = Γ(x)Γ(y) Γ(x + y) ,
respectively. The eigenfunction sin p of the of the so-called one-dimensional p-Laplacian problem [DM] −∆ p u = − |u ′ | p−2 u ′ ′ = λ|u| p−2 u, u(0) = u(1) = 0, p > 1, is the inverse function of F : (0, 1) → 0, πp 2 , defined as The function arcsin p is called as the generalized inverse sine function, and coincides with usual inverse sine function for p = 2. Similarly, the other generalized inverse trigonometric and hyperbolic functions File: Inv_Trig_inequalities.tex, printed: 2014-01-21, 3 .13 † The work ofÁ. Baricz was supported by a research grant of the Babeş-Bolyai University for young researchers, project number GTC 34021. ‡ Corresponding author. (1−x p )
These functions are the generalizations of the usual elementary inverse trigonometric and hyperbolic functions and are the inverse of the so-called generalized trigonometric and hyperbolic functions, introduced by P. Lindqvist [Li] , see also [BE, EGL, LP, Ta] for more details. Recently, there has been a vivid interest on the generalized inverse trigonometric and hyperbolic functions, we refer to the papers [BBV, BBK, BS, BV1, BV2, JW, KVZ] and to the references therein. In this paper we make a contribution to the subject by showing various miscellaneous functional inequalities for the generalized inverse trigonometric and hyperbolic functions. The paper is organized as follows. In this section we list some preliminary results which will be used in the sequel. Section 2 contains functional inequalities for sums, difference and quotient of generalized inverse trigonometric and hyperbolic functions, as well as some Grünbaum inequalities with the aid of the classical Bernoulli inequality. In section 3 we obtain some lower and upper bounds for the generalized hypergeometric 3 F 2 Clausen function by using certain already derived bounds for generalized inverse trigonometric and hyperbolic functions. Finally, in section 4 we give a comparison of the bounds of this paper with the known bounds in the literature.
For the expression of the above generalized inverse trigonometric and hyperbolic functions in terms of hypergeometric functions, see the following lemma.
Lemma 1. For p > 0 and x ∈ (0, 1), we have
Proof. The proof of all equalities is similar, here we only give the proof of the last equality, which can be written as The right-hand side can be simplified by using the Gauss relationship for contiguous hypergeometric functions, namely
see [EMOT, p. 58] and [OLBC, (15.5.12) ]. After simplification and utilizing
see [OLBC, (15.4.6) ], the right-hand side of (1.2) simplifies to 1 − x 1 m −1
. This implies the proof.
Remark. Alternatively, the following derivation procedure can be considered. Since x ∈ (0, 1), the integrand can be presented by the associated geometric series, which is termwise integrable for all p > 1
which proves the hypergeometric representation of generalized inverse hyperbolic tangent. Applying the same procedure we also have
Bearing in mind the fact
in conjunction with (1.5), we arrive at
which confirms the hypergeometric expression for the arcsin p function.
For the following lemma see [AVV, Theorem 1.52] .
Lemma 2. For a, b > 0, the function f, defined by
is strictly increasing from (0, 1) onto
.
The next result will be useful to prove some Grünbaum type inequalities for generalized inverse trigonometric functions. For more details see [Ba, Lemma 2 .1].
Lemma 3. Let us consider the function f : (a, ∞) → R, where a ≥ 0. If the function g, defined by
, we have the following Grünbaum-type inequality
where x, y ≥ a and z 2 = x 2 + y 2 . If the function g is decreasing, then inequality (1.6) is reversed.
Inequalities for generalized inverse trigonometric and hyperbolic functions
Our first main result is the following theorem.
Theorem 1. For p > 1 and x ∈ (0, 1), we have the inequalities
Moreover, the second inequality in (2.8) holds true for p > 0 and x ∈ (0, 1).
Proof. We know (see [Ne] ) that for b, c > 0 and x ∈ (0, 1) the function a → F (a, b; c; x) is logarithmically convex on (0, ∞). This implies that a → [∂F (a, b; c; x)/∂a] /F (a, b; c; x) is increasing on (0, ∞). By using the monotone form of l'Hospital's rule we obtain that the function
is also increasing on (0, ∞) for b, c > 0 and x ∈ (0, 1). Consequently, the function a → F (a, b; c; x) 1/a is also increasing on (0, ∞) for b, c > 0 and x ∈ (0, 1). Thus, we get
and the first inequality in (2.8) follows. Similarly, if use again the fact that the function a → F (a, b; c; x)
1/a is increasing on (0, ∞) for b, c > 0 and x ∈ (0, 1), we obtain that for all p > 1 and x ∈ (0, 1) the next inequality follows
which is equivalent to the left-hand side of (2.2). For the second inequality in (2.8), we consider the function f : (0, 1) → (0, 1), defined by f (y) = y(1 − log y), which is increasing. In view of the above function we obtain that the function
On the other hand, for p > 1 and x ∈ (0, 1) we have [BV1, Theorem 1.1]
Moreover, by Lemma 2 the function
is increasing from (0, 1) onto 1 p+1 , 1 p , and consequently for all p > 0 and x ∈ (0, 1) we have (2.5)
Now, combining (2.4) with the right-hand side of (2.5) we obtain the inequality
With this we proved the second inequality of (2.8). Now, for the second inequality of (2.2) we note that from Lemma 1 we get that
Thus, if we change x to x p 1+x p 1 p in (2.6) we get the second inequality in (2.2).
The next theorem gives some monotonicity results, as well as some lower and upper bounds for the functions arcsinh p and arctan p .
Theorem 2. The functions
are decreasing on (0, 1) for all p > 0, while the function
is also decreasing on (0, 1) for all p ∈ (0, 1). Consequently, for all p ∈ (0, 1) and x ∈ (0, 1) we have
Moreover, the left-hand side of (2.7) holds true for all x ∈ (0, 1) and p > 0, as well as the inequality
Proof. We shall use the following result of Belevitch [Be, p. 1032 ]
where
Similarly, by choosing α =
Now, by choosing α = 1, β = (1 + x p t) F 1, (1 + x p t) F 1,
Differentiating both sides of the above relations the monotonicity results follow. Moreover, computing the limit of the functions in zero, the claimed inequalities also follow from the monotonicity results.
Direct application of Theorem 2 with the use of the following transformation formula
The next consequence of Theorem 2 is .
For the convenience of the reader, we recall the following inequalities again from [BV2] .
(2.10)
where x ∈ (0, 1) and p > 1. In order to compare the bounds in (2.8) and (2.9) with the corresponding bounds of the functions given in (2.10), we made some computer experiments. From graphics we have seen that our lower boundl p is not better than the known lower bound m p from [BV2] , however our new upper boundũ p for p greater than 1 is better than the known upper bound M p . Accordingly, we remark that by newly derived bounds (2.7) we complement the parameter interval for until now not considered p ∈ (0, 1) concerning arcsinh p function, studied until now for p > 1. Similarly, our new lower bound l p is not better than the known lower bound t p , however, the upper bound u p complements the known upper bound T p .
For a, b > 0 and x, y ∈ (0, 1), let 
Recently Simić and
Vuorinen studied the inequalities about the quotient and differences involving hypergeometric functions, see [SV1, SV2] , and they proved the following result: if a, b > 0 such that ab ≤ 1 and x, y ∈ (0, 1), then the following inequalities hold 1
. If we replace in the proof of the above inequalities the function g by g p , then we get the following theorem, which we affirm here without proof.
Theorem 3. If p > 1 and x, y ∈ (0, 1), then we have the following inequalities
The next result gives another lower bounds for the sum arctanh p (x) + arctanh p (y).
, is strictly decreasing and convex for p ∈ [1, 2]. Consequently, for all x, y ∈ (0, 1) and p ∈ [1, 2] we have
x , is strictly decreasing and convex. Consequently, for all x, y ∈ (0, 1) and p > 0 we obtain
Proof. Simple calculation gives for all x > 0
Clearly sech is decreasing, and thus for the convexity of f it is enough to prove that the function g : (0, ∞) → (0, ∞), defined by g(x) = tanh(x)/(1 − sech(x) p ), is decreasing. Differentiating with respect to x we get for p ∈ [1, 2] and x > 0
Hence g is decreasing, and this in turn implies that f ′ is increasing for p ∈ [1, 2]. This implies that f is convex if p ∈ [1, 2]. Hence for all r, s > 0 and p ∈ [1, 2] we get
Setting x = 1/ cosh(r), y = 1/ cosh(s) and using the identity
and inequality (2.13), we get the required inequality (2.11).
Since for all x > 1 and p > 0 we have
we get that indeed g is strictly decreasing and convex for all p > 0. Consequently, for all r, s > 1 and p > 0 we obtain the following inequality
which is equivalent to (2.12). Now, we focus on Grünbaum type inequalities for generalized inverse trigonometric functions.
Theorem 5. Let x, y, z ∈ (0, 1) be such that z 2 = x 2 + y 2 . If p ≥ 1, then the following Grünbaum type inequalities are true
Moreover, if p ≥ 2, then we have
and the last inequality is reversed when p ∈ (0, 1].
for x ∈ (0, 1) and p ≥ 2. Consequently, q is increasing and hence q(x) > lim x→0 q(x) = 0, that is, we have for x ∈ (0, 1) and p ≥ 2 2 · arcsinh p (x) > x 1 + 1
Hence w is decreasing for p ≥ 2 and applying Lemma 3 the last Grünbaum inequality of this theorem follows. Moreover, by using the corresponding Bernoulli inequality [Mi, p. 34] (1 + y) a > 1 + ay, where y > −1, y = 0 and a > 1, it follows that 1 + 2x
for x ∈ (0, 1) and p ∈ (0, 1]. Consequently, q is decreasing and hence q(x) < lim x→0 q(x) = 0. Hence w is increasing for p ∈ (0, 1] and applying Lemma 3 we obtain that the last Grünbaum inequality of this theorem is reversed.
Finally, our aim is to present some new lower and upper bounds for the functions arctanh p and arctan p .
Theorem 6. For all p > 1, x ∈ (0, 1) there holds
(2.14)
Moreover, we have
Proof. Since 2 1 − t 2p = 1 1 − t p + 1 1 + t p , integrating between 0 and x, we get (2.18) 2 arctanh 2p (x) = arctanh p (x) + arctan p (x) .
and simultaneously [BV2, Theorem 1.1]
taking throughout 2p → p, the rest is straightforward. Also, the lower bound in (2.16) follows by making use of both lower bounds in the previous bilateral inequalities. The upper bound (2.15) we conclude by
since the upper bound for the inverse hyperbolic and the lower bound for the inverse trigonometric functions yield the statement. The associated lower bound (2.17) we achieve by applying the lower bound for arctanh 2p and the upper bound for arctanh p in (2.19) and (2.20), respectively. Now it remains to prove that the inequality pairs (2.14) & (2.16) and (2.15) & (2.17) are not redundant. For instance the difference of the upper bound in (2.15) and the lower bound in (2.17) has to be positive for all p > 1 for certain fixed x ∈ (0, 1). Indeed, being
The proof is complete.
3. Bilateral inequalities for generalized hypergeometric 3 F 2 function
In the sequel we deduce some lower and upper bounds for two different kind of generalized hypergeometric 3 F 2 (or sometimes called Clausen's) functions, by bounding mutatis mutandis both sum and difference arcsin p (x) ± arcsinh p (x), by already known bilateral bounds. The generalized hypergeometric 3 F 2 function, is defined by the power series
and converges for all |z| < 1. The first main result of this section reads as follows.
Theorem 7. For all a ∈ (0, 1 2 ) and x ∈ (0, 1) we have (3.1) L a (x) < 3 F 2 a, a, a + , and π p = 2π p sin(π/p) . The next result is the analogous of Theorem 7.
Theorem 8. For all a ∈ (0, 1 2 ) and x ∈ (0, 1) we have (3.5) L a (x) < 3 F 2 a + .
